In this work we present the extended two-dimensional torsion (E2DT) method and use it to analyze the performance of several methods that incorporate torsional anharmonicity more approximately for calculating rotational-vibrational partition functions. Twenty molecules having two hindered rotors were studied for temperatures between 100 and 2500 K. These molecules present several kinds of situation; they 124, 044314). In the E2DT method, quantum effects due to the torsional modes were incorporated by the two-dimensional non-separable method, which is a method that is based on the solution of the torsional Schrödinger equation and that includes full coupling in both the kinetic and potential energy. By comparing other methods to the E2DT method and to experimental thermochemical data, this study concludes that: the harmonic approximation yields very poor results at high temperatures; the global separation of torsions from the rest of degrees of freedom is not justified even when an accurate method to treat the torsions is employed; it is confirmed that methods based on less complete potential energy coupling of torsions, such as MS-T(U), are not accurate when dealing with rotors with different barrier heights; and more complete inclusion of torsional coupling to the method in MS-T(C), improves substantially the results in such a way that it could be used in cases where the E2DT method is unaffordable.
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Introduction
The calculation of rotational-vibrational (rovibrational) partition functions in flexible molecules is specially challenging if the goal is to evaluate accurate thermodynamic functions or thermal rate constants. Recent theoretical studies show that these objectives can be achieved by accounting for torsional anharmonicity 1 and multiple reaction paths. [2] [3] [4] [5] [6] The present work is concerned with the first of these two issues. An accurate calculation of rovibrational partition functions requires a good description of the coupling between the tops themselves and between the tops and the other degrees of freedom. However, it is quite common to calculate the rovibrational partition function within the rigid-rotor harmonic oscillator (RRHO) approximation, because it allows the separation of the rotational (Q rot ) and vibrational (Q 1 − e −β ωm (2) where β = k B T , k B is Boltzmann's constant, T is temperature; is Planck's constant divided by 2π; 3N − 6 is the number of normal-mode vibrations of a non-linear polyatomic molecule (N is the number of atoms) and ω m is the frequency of each of these vibrations.
In general, this approximation is better at low temperatures because under these conditions the partition function of a stable molecule is well described by a few levels belonging to the global minimum of the potential energy surface, and that of a transition state is well described by a few levels of the modes orthogonal to the reaction coordinate. However, as temperature rises the torsional motions, which usually involve low-frequency vibrational modes, are excited to high vibrational levels, and some molecules may have enough energy to overcome the torsional barriers and populate two or more minima of the potential energy surface. Therefore, the methods that evaluate rovibrational partition functions in flexible molecules should include the anharmonic effect due to these torsions and incorporate it into the final result. Furthermore, torsions are often strongly coupled to overall rotation, and so one should include vibration-rotation coupling.
The works of Pitzer and Gwinn (PG) 7 and Kilpatrick and Pitzer (KP) 8 addressed the problem of how to calculate torsional partition functions even in situations involving strongly coupled torsions and torsions coupled with overall rotation. Much of the later research is based on finding approximations to and/or improvements to these two seminal works. However, there are aspects that were not discussed in depth in those two papers, but that are important to obtain accurate rovibrational partition functions, i.e., how to account more fully for anharmonicity in systems with multiple torsional minima, and how to incorporate the torsional partition function into the total rovibrational partition function. The original multi-structural method 9 MS-T(U) where U is shorthand for uncoupled torsional potential anharmonicity, and the multi-structural torsional anharmonicity method with effective barriers based on a coupled potential 10 [henceforth denoted MS-T(C) where C denotes coupled potential anharmonicity] try to answer these two questions. However, these two methods need further testing with a reference method allowing the analysis of their performance, and that is provided in the present article. We also compare the theoretical ideal gas-phase standard-state thermodynamic functions with the available experimental data. For the comparison between methods we have chosen a series of 20 molecules, each of them with two hindered rotors. The molecules are depicted in Figure 1 . The relative energies of the local torsional minima with respect to the global minimum are given in Table 1 . There are molecules with nearly independent (nearly separable) rotors, for instance S17, molecules in which the two torsions are strongly coupled, such as S7, and molecules involving compound rotation (one rotating group is attached to the other rotating group), such as S2, S8 and S19. There are also different types of rotors: symmetric tops (no off-balance term during rotation), in particular the methyl group, slightly asymmetric tops, in particular the -OH group, and very asymmetric tops, such as the -COH and the -CFH 2 groups. Therefore, the set is diverse, spanning from cases with nearly separable torsions with constant reduced moments of inertia to cases with coupled torsions with reduced moments of inertia that change substantially with internal rotation.
A brief description of the methods is given in section 2 and the comparison between them is discussed in section 4. The computational details are described in section 3, and section 5 summarizes the conclusions.
Methodology
The rotational-torsional classical partition function that includes full kinetic and potential energy couplings between torsions and between these torsions and the external rotation of a molecule with two torsions is given by
where Q FC cl means fully coupled (FC) classical partition function; σ rot is the symmetry number for overall rotation; 16 σ tor = σ tor,1 σ tor,2 is the product of the symmetry numbers for internal rotation σ tor,1 and σ tor,2 about the dihedral angles φ 1 and φ 2 , respectively; V (φ 1 , φ 2 ) is the torsional potential; |S(φ 1 , φ 2 )| is the determinant of the rotational kinetic energy matrix, which after a congruent transformation (see ref 8 ) is given by:
where I rot i is one of the three principal moments of inertia and |D(φ 1 , φ 2 )| is the determinant of the D matrix. The D matrix accounts for the kinetic energy couplings between the two torsions and between the torsions and the external rotation:
The reduced moments of inertia of the two torsions are I 1 and I 2 , and Λ 12 is the coupling.
The reduced moments of inertia can also be obtained by the method of Pitzer, 17 and they are commonly used in the evaluation of partition functions that consider torsions as separable (Λ 12 = 0). Often, a good approximation is to assume that the principal moments of inertia do not change with the torsional angles, in which case we use the ones corresponding to the global minimum. With that assumption (which is made in some but not all of the methods in this article), eq 3 is approximated to:
where
is the rotational partition function, and
is the classical torsional partition function. In the case of symmetric tops eq 8 can be further simplified because |D(φ 1 , φ 2 )| is independent of the torsional angles, i.e.,
It is convenient to fit the torsional potential to a Fourier series of the type:
where V 1 (φ 1 ) and V 2 (φ 2 ) are one-dimensional potentials given by:
The parameters c l 1 l 2 and c l 1 l 2 , as well as, the parameters for the one-dimensional potentials are obtained from the fitting. The potentials of eqs 10 and 11 may also include odd terms involving sin(n 1 φ 1 ), sin(n 2 φ 2 ), cos(l 1 φ 1 ) sin(l 2 φ 2 ) or sin(l 1 φ 1 ) cos(l 2 φ 2 ) functions, but they are seldom needed to obtain a good fit.
The torsional frequencies are calculated as the eigenvalues of the secular determinant:
with the force constant matrix K of the torsional potential evaluated at the global minimum.
These force constants can be obtained from the force constants associated to the torsions, which were calculated from the electronic structure calculations at the bottom of the potential or from the two-dimensional Fourier series potential used to fit the torsional potential.
Except when otherwise indicated, the frequencies ω η are calculated from the Fourier series potential. Their values are listed in Table 1 .
A quantum version of eq 8 for two coupled torsions is the 2D-NS method, 12, 13 in which the torsional partition function is evaluated by directly solving the two-dimensional Schrödinger equation with full coupling in the kinetic, T tor , and potential energy terms, V tor (φ 1 , φ 2 ), i.e.:
The kinetic energy is given by eq 8 of ref 12 
where K is of the order of one hundred to obtain convergent results.
The 2D-NS partition function is obtained from the direct sum of the eigenvalues E j obtained from eq 14 divided by the symmetry number due to the torsions, σ tor :
and, therefore, the method can also be used to calculate the tunneling splitting of the lowest vibrational level due to torsional motion.
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The 2D-NS method is usually prohibitively expensive to extend to more than two degrees of freedom because of the size of the matrix to diagonalize when using the variational method.
PG proposed an approximation that avoids to solve the Schrödinger equation, but corrects for quantum effects with a multiplicative factor F q given by the ratio between the quantum and classical partition harmonic oscillator partition functions at the global minimum. The resulting torsional PG (TPG) partition function is given by:
The TPG partition function opens another possibility. It can be interpreted as an anharmonic correction to the harmonic oscillator torsional partition function (i.e., as the ratio between the fully coupled classical partition function and the classical limit of the harmonic oscillator partition function). In this case
There is no unique way to incorporate multiple torsional wells into the torsional partition functions of eqs 17 and 19. One possibility is to substitute the HO and CHO partition functions by multi-structural partition functions. The multi-structural HO and CHO partition functions are
and
respectively. The torsional frequencies, ω j,η with η = 1, 2, are calculated for each well j through eq 12. The difference in energy between the global minimum and the well j is given by U j of Table 1 . An equation similar to eq 17 but taking into account multiple wells would be:
eq 23 can be considered to be an extension of the PG expression that takes into account multiple wells.
Torsional partition functions need to be integrated into the total rovibrational partition function to be used for calculating thermodynamic functions. One possibility is to start from the multi-structural rigid rotor harmonic oscillator (MS-HO) partition function, which is given by
where Q RRHO j uses the same RRHO approximation as eq 1, but for each of the wells, i.e.,
where Q HO j is the product of individual mode partition functions in eq 1 evaluated for conformer j. The Boltzmann factor of eq 26 takes into account the difference in energy, U j , between conformer j and the conformer corresponding to the global minimum. In a previous work, one of us introduced the following correction to the RRHO approximation:
where GS2DT means globally separable two-dimensional torsional method. The coefficient
accounts for deviations from the MS-HO partition function:
The accuracy of this approximation is discussed in section 4.
Another possibility is to extend the torsional TPG partition function to all of the vibrational degrees of freedom. Instead of using the global separable approximation for torsions, the non-torsional degrees of freedom are incorporated into the classical partition function of eq 3. 15 This procedure accounts for the variation of the vibrational non-torsional degrees of freedom with the t torsions:
The extended hindered rotor (EHR) partition function of eq 29 treats all the vibrational degrees of freedom, with the exception of the t torsions, quantum mechanically (within the harmonic approximation). The vibrational partition function Q HO refers to the product of the individual vibrational harmonic 3N − 6 − t nontorsional vibrations and is given by:
where the non-torsional frequencies ω m (φ 1 , φ 2 , · · · , φ t ) were calculated using nonredundant internal coordinates as detailed in ref 10.
In the case of two torsions (t = 2) the EHR partition function is given by:
The interpolation of the Q HO (φ 1 , φ 2 ) partition function at different values of the two torsional angles is discussed in the Computational details section.
Quantum effects due to the torsions can be incorporated into the partition function of eq 31 as the ratio between quantum and classical torsional partition functions through a PG multiplicative coefficient similar to the one of eq 17, i.e.,
where X indicates the method used to calculate the two dimensional torsional partition function. It is also possible to use multi-structural partition functions as eq 24 or the 2D-NS partition function, that does not invoke the harmonic approximation. In this case the
is given by:
and therefore our proposed extended two-dimensional torsion (E2DT) method is given by:
The E2DT method, in addition to the quantum effects due to the torsions, includes the variation of the external rotation and of the 3N -8 vibrational degrees of freedom with the two torsions, as well as, the coupling between torsions. It can be considered an exact treatment of the two coupled torsions, also coupled as fully as possible to overall rotation and to nontorsional modes. Notice that the coupling between the two torsions and the overall rotation is treated classically through the |S| determinant. This coupling is not considered in the quantum correction of eq 33.
On the other hand, the TPG partition function of eq 19 shows that it is possible to correct the RRHO partition function for anharmonicity. If there are J distinguishable wells in the potential energy surface, the correction could be performed locally at every well. This is the basis of the multi-structural torsional (MS-T) methods. The rovibrational partition function is given by:
where Y indicates one of the following two approaches: (i) the uncoupled potential Y=(U)
multi-structural method with torsional anharmonicity [MS-T(U)] ; and (ii) coupled-potential Y=(C) multi-structural method with torsional anharmonicity [MS-T(C)]. The coefficients
are given by:
in the uncoupled-potential version, and by:
in the coupled-potential approximation. The f j,η factors evaluate the ratio between the classical anharmonic and classical harmonic oscillator torsional partition functions as in eq 20, but using approximations in the evaluation of the former. The definitions of Z j , the classical q
and q
, and the classical harmonic q CHO(U) j,τ partition functions and
are given below.
The main difference between the method of eq 35 and E2DT is that the latter is a global method, in the sense that it needs a knowledge of the whole torsional potential, whereas the MS-T(Y) methods are local and based on estimates of the anharmonicity in the surroundings of the wells. As a result the evaluation of the E2DT partition function is quite expensive in computer time (since the number of electronic structure calculations increases exponentially with the number of torsions), and therefore it is difficult to extend beyond two or three coupled torsions. In contrast the MS-T(Y) methods can readily be extended to higher dimensions.
The classical harmonic oscillator partition function in the MS-T(U) method is given by:
and the torsional frequencies of each well are calculated as:
where I j,τ and k j,τ are the reduced moment of inertia and the internal-coordinate force constant, respectively, for torsion τ in the well j. Assuming that the potential in the surroundings of minimum j is well represented by a reference PG potential, i.e., by a periodic potential with only one term in the cosine, for which we have the expression:
with φ j,τ,eq being the torsional angle φ τ at the equilibrium position. With this type of potential, the torsional frequency ω
j,τ and the reduced moment of inertia I j,τ are related by,
With the potential of eq 40 the classical partition function can be integrated analytically yielding:
where I 0 is a modified Bessel function of the first kind, Q FR τ,j is the classical free-rotor partition function of torsion τ of well j and is given by
It should be noticed that σ tor,τ /M j,τ removes the torsional symmetry number of the free-rotor partition function and establishes the domain of well j through the local periodicity parameter M j,τ . This parameter is calculated through a Voronoi tessellation scheme.
1 Finally, the Z j factor is given by
The factor Z int j takes into account the coupling between torsions. It is given by the ratio between the coupled and uncoupled CHO partition functions:
where the product of the coupled torsional frequencies ω (C) j,η is calculated as:
F being the number of vibrational degrees of freedom of the system; ω j,m represents the normal mode frequencies at well j and ω j,m are the nontorsional frequencies calculated in nonredundant internal coordinates.
On the other hand, the Z coup j term incorporates the coupling in the reduced moments of inertia through the ratio:
The factor g j tends to the unity at low temperatures, where the rovibrational coupling is small and tends to zero at high temperatures. It is given by a switching function similar to the one used in ref 19:
However, a given torsion may reach the high-temperature limit at a different rate than other 
The force constant matrix F tor j in internal coordinates associated with the torsions includes the coupling between the torsions, and L j is a diagonal matrix with elements given by 1/M j,τ .
The coupled torsional barriers are given by
and the product of q
, which we call here Q RC(C) , is given by:
It should be noticed that neither W
j,η correspond to calculated torsional barriers by electronic structure methods, but to effective torsional barriers. Thus, the multi-structural reference classical coupled torsional-rotational partition function [MS-RC(C)] given by
may be different from the classical fully coupled partition function of eq 3, although in the high-temperature limit both partition functions tend to the free rotor result, which is independent of the torsional barriers.
Computational details
All the electronic structure calculations were performed at the MPWB1K method, Step (i) is straightforward because the search is directly carried out on the fitted Fourier series potential; once the stationary points are located the Hessian can be evaluated by standard quantum chemistry programs.
Step ( For
Step (iii), first we divide each of the two-dimensional surfaces into Delaunay triangles using the software package TRIPACK of Renka. 25 The vertices of the triangles correspond to stationary points, so at these locations the rovibrational partition function is available.
If the value of the partition function is needed in an edge or inside the triangle, we need to obtain it by interpolation. Specifically, we have used modified hyperbolic tangent functions to interpolate the edges in such a way that at each vertex the partition function coincides with the calculated value and at each edge the hyperbolic tangent reaches half its value when the difference between the potentials of the vertices is also half. For a point inside a triangle the partition function is obtained by building three additional triangles in which two of the points are the vertices and the third point is the one at which the partition function has to be obtained. By calculating the three heights of the triangles and taking as bases the edges, the interpolated partition function is given by the projected value over the edge with the shortest height. This procedure is difficult to extend to higher dimensions, so we have also tried a simpler approximation consisting in approximating the partition function at non-stationary points by the one at the stationary point with the shortest distance between them. The partition functions obtained by both approximations are practically identical at high temperatures and about 1% different at the lowest temperatures. For a given point at the edge or inside the triangle we approximate the partition function by the one at the vertex with the shortest distance between the point an the vertex.
The eigenvalues needed to obtain the 2D-NS partition functions were calculated with the JADAM ILU software. 26 The torsional 2D-NS partition function and the GS2DT and E2DT rovibrational partition functions were obtained by the HR2D program. 27 The MS-T(U) and MS-T(C) partition functions were calculated with the M ST or program. 9, 28 For each molecule all the electronic structure geometries and frequencies of the conformations are listed in the Supporting Information. All the electronic structure calculations were performed using the Gaussian 09 program. to the enthalpy at T = 0 K. In the case of the entropy, S • , the data were calculated as
Before discussing the results for the rovibrational partition functions, it is interesting to compare the multi-structural reference classical rotational-torsional partition function Q MS−RC(C) of eq 52 with the full classical partition function of eq 3 (taken as the benchmark).
The MUPE decreases as temperature increases. For instance at T = 300 K the MUPE is 14%, at T = 1000 K is 11% and at T = 1000 K is 8%. The largest percentage errors (PEs)
at both low and high temperatures correspond to system S6 with values of 43% and 27% at 100 and 2500 K, respectively. The advantage of the classical partition function Q
MS−RC(C)
over Q FC(C) is that the former only needs information about the minima. Therefore, for most of the systems Q MS−RC(C) performs well at high temperatures, but is less accurate at low temperatures, because the importance of the shape of the potential is more important at those temperatures.
The zero-point energy of the E2DT partition function is given by the contribution of the 3N-8 nontorsional degrees of freedom plus the lowest energy level obtained by direct diagonalization of the 2D-NS torsional partition function. For molecules as S1, S2 or S6 this ZPE is substantially different from the one obtained by normal-mode analysis (see Table 2 ).
In general, the normal mode frequencies associated with the torsions are lower when coupled torsional frequencies are being considered (Table 1) should be very close to unity. Therefore this approximation, which has been incorporated into the multi-structural method to avoid the evaluation of torsional quantum partition function, is justified. However, it is important to use torsional frequencies instead of normalmode frequencies in the evaluation of the PG coefficients accompanying the EHR partition function. At T = 150 K the MUPE doubles its value when normal-mode frequencies are used instead of torsional frequencies.
The effect of including a global correction to the torsional anharmonicity can be checked by comparing the GS2DT partition function of eq 27 with that obtained by the E2DT method. At T = 150 K the PEs are quite large for systems S1, S6 and S20 with values of 33%, 70% and 47%, respectively, and the MUPE is 14%. As temperature increases the MUPE remains constant but increases slightly at very high temperatures reaching 17% at T = 2500 K (see Figure 4) . These results indicate that to incorporate torsional anharmonicity on top of the MS-HO partition function, even when full couplings in the kinetic and potential energies are taken into account, may lead to substantial errors. Some of us have used eq 27 to study the the hydrogen abstraction from ethanol by atomic hydrogen, 30 but for the ethanol molecule the MUPEs between the E2DT and the GS2DT partition functions were always between 6 and 8% in the whole range of temperatures studied in this work.
Hereafter, to establish a more direct comparison of the E2DT method with other methods that evaluate the rovibrational partition function, but have different thresholds for the ZPEs, we compare rovibrational partition functions that are referred to the ZPE of the global minimum, instead of to the bottom of the potential. In such comparison anharmonic effects due to the ZPE are diminished. The comparison of MUPE-Q and MUPE-Q is given in Figs 4 and 5, which show that there is an increase of the former with respect to the latter by about 10% at T = 150 K. This difference is reduced to only 3% at T = 300 K. Moreover, ZPE-exclusive partition functions can also be used in the comparison between theoretical and experimental thermodynamic functions, i.e., the entropy and the constant-pressure heat capacity are independent of the ZPE of the system and the free energy and the enthalpy are always referred to a reference state, which in general is the value of the enthalpy at T = 0 K, so the effect of the ZPE is also removed in this case. deviates substantially from the benchmark results, the MUPE being 82% at T = 2500 K. In general the harmonic approximation leads to partition functions which are too high (with the exception of molecules S1 and S6 discussed above). The reason is that at high temperatures the space available to the molecular system is too large in the harmonic oscillator model, because the harmonic oscillator is defined in the space −∞ ≤ φ ≤ +∞, whereas the internal rotation is restricted to −π ≤ φ ≤ +π. At low temperature, the population of the harmonic oscillator outside of −π ≤ φ ≤ +π is negligible, but at high temperature, it dominates the In general, methyl groups are weakly coupled to other torsions, and the torsional potential has a periodicity of 120 • . One would expect a better performance of the anharmonic methods with respect to the benchmark results when the MUPE only includes this type of tops. This is the case for the MS-T(C) for which the MUPE drops to 7% at T = 2500 K. However, the MS-T(U) method performs worse for molecules having methyl groups than for the whole set. Specifically, the MUPE reaches its highest value of 41% at T = 500 K [the MUPE for the MS-T(C) at this temperature is 9%]. At T = 500 K the largest percentage error is for system S15 with a value of 169%; the two rotating tops of this molecule are the -CH 3 and the -COH groups, with torsional barriers with regards to the global minimum of 419 and 2508 cm −1 , respectively. The two barriers for internal rotation are very different, so both tops reach the high temperature limit at very different thresholds. This situation cannot be handled properly by the switching function of eq 48, but it is properly taken into account by the MS-T(C) method for which the percentage error decreases to 1%.
Values for thermodynamic functions and based at least in part on experimental data are available from the literature 11 for systems S4, S16 and S17 for temperatures from 100 to 2500 K and for S5 and S20 in the interval from 100 to 1500 K. In fact the data extracted from MUPEs that decrease from 15% to 8% at the lowest and highest temperatures studied, respectively.
ii) The accuracy of given rovibrational partition function depends not only on the accuracy of the anharmonic torsional partition functions but also on its implementation. Thus, globally separable torsional approximations, as the one used in the GS2DT method, do not improve the MS-T(C) results despite the fact that the former uses the 2D-NS method to calculate the torsional partition function.
iii) Although it leads to large errors above room temperature, the multi-structural harmonic approximation seems as good as any of the anharmonic methods described in this work when calculating rovibrational partition functions at room temperature or below. However, the comparison with the thermodynamic functions reported in the literature shows that approximations that include torsional anharmonicity and coupling perform also better than the harmonic approximation at low temperatures. 
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